Abstract-This work presents a fast computational algorithm that can be used as an alternative to the conventional surface-integral evaluation method included in the electric field integral equation (EFIE) technique when applied to a triangular-patch model for conducting surfaces of arbitrary-shape. Instead of evaluating the integrals by transformation to normalized area coordinates, they are evaluated directly in the Cartesien coordinates by dividing each triangular patch to a finite number of small triangles. In this way, a large number of double integrals is replaced by a smaller number of finite summations, which considerably reduces the time required to get the current distribution on the conducting surface without affecting the accuracy of the results. The proposed method is applied to flat and curved surfaces of different categories including open surfaces possessing edges, closed surfaces enclosing cavities and cavity-backed apertures. The accuracy of the proposed computations is realized in all of the above cases when the obtained results are compared with those obtained using the area coordinates method as well as when compared with some published results.
INTRODUCTION
The problem of obtaining the radiated field from an arbitrarilyshaped conducting body excited either as an antenna or as a scatterer is of much interest in electromagnetic community. Among the computational methods used to treat such a problem either in the frequency domain or in the time domain, the FDTD [1, 2] and the time-domain EFIE technique [3] [4] [5] [6] are the most commonly used. It should be noted that the time-domain analysis developed in [3] and [4] is based on an earlier frequency-domain technique that was developed by Rao, Wilton and Glisson in [5] .
An appropriate method that can deal efficiently with the electromagnetic problems of conducting surfaces is the EFIE technique described in [5] . An integral equation is formulated for the unknown current on the scattering surface. The integral equation is then converted to a linear system of equations, which can be solved using well-known numerical techniques. Once the current distribution on the antenna surface is obtained, the near field, the far field and the other antenna characteristics can be directly obtained. The main numerical effort involved in the EFIE technique is the evaluation of the integrals required to form the linear system of equations and to solve this system. The EFIE method described in [5] uses triangular patches to model the surface resulting in a very accurate geometrical model which is almost identical to the actual surface of the scatterer with a relatively small number of triangular patches even when the scatterer surface is curved.
The purpose of the present work is to develop a more efficient alternative for the integrals computation involved in the EFIE technique when applied to conducting surfaces. These computations are required for the evaluation of the integrals needed to formulate the integral equations as mentioned before. It may be worth to mention that the method used in [5] to evaluate these integrals depends on the transformation of the integrand included in each integral from the Cartesian coordinates to the so-called normalized area coordinates used in the Finite Element method [8] . This enables the expression of each integral as a double integral which is evaluated on the area of each triangular patch. For each combination of triangular patch pairs, three independent integrals must be numerically evaluated. To illustrate the required amount of computations, we take, as an example, a closed surface with Q triangular patches. This surface requires the computation of 3Q 2 independent integrals, each of which is a double integral.
In the present work, an alternative method is developed to evaluate such integrals with a considerably reduced numerical effort. It is proposed that, instead of converting each surface integral to a number of double integrals by transformation from Cartesian to normalized triangular area coordinates as described in [5] , it is converted to a truncated series with a few terms by dividing each triangular patch to a number of smaller and identical triangles. This reduces the amount of calculations involved and speeds up the process of evaluating the required integrals. The accuracy of the results for the current distribution obtained by the new method is realized by comparison with the results obtained using the method of [5] .
FORMULATION OF THE ELECTRIC FIELD INTEGRAL EQUATION
It is required to deduce the current flowing on a conducting surface due to an exciting source, which may be an incident wave or a generator attached to the conducting surface. As shown in Fig. 1 , the surface is divided into a number of triangular patches. Each patch has three edges; an edge which belongs to only one triangular patch is called a boundary edge. Such an edge exists only on the rim of an open surface and hence, it has no electric current component flowing normal to it. Let P q denote the triangular patch whose index (number) is q; q = 0, 1, 2, . . . , Q − 1. Two adjacent triangular patches P n + and P n − sharing the edge number n are shown in Fig. 1 , where n + and n − are, respectively, the patch indices. It should be noted that both the values of n + and n − have no relation to the value of n. This notation is used only to indicate that the triangular patches whose indices are q = n + and q = n − are adjacent patches and share the non-boundary edge number n, with a plus or minus designation determined by the choice of a positive current reference direction for the non-boundary edge number n. This direction is assumed to be from P n + to P n − . That is, n + is the number of the patch of which the current of the edge number n is assumed to be flowing out, whereas n − is the number of the patch into which this current is flowing. This means that n + = 1, 2, 3, . . . , Q and n − = 1, 2, 3, . . . , Q whereas n = 1, 2, 3, . . . , N. A point in P n + can be specified by the position vector r n + defined with respect to the origin O, or by the position vector ρ + n defined with respect to the free vertex, r + fn , of the triangular facet P n + (i.e., the vertex of P n + which does not belong to P n − ). Similarly, a point in P n − can be specified by r − n or ρ − n . It should be noticed that the position vector ρ + n is directed from the free vertex, r + fn , of P n + toward the point in the patch whereas the position vector ρ − n is directed from the point to the free vertex, r − fn , of P n − . Thus one can write
The current flowing on the conducting surface is expressed as a summation of vector basis functions with unknown amplitudes. The most suitable basis function for describing the current flowing on the triangular patches used for modeling the conducting surface is the RaoWilton-Glisson basis function developed in [5] . For each shared (nonboundary) edge, a vector basis function is defined as follows:
where l n is the length of the non-boundary edge number n, S n + , and S n − are the areas of the triangular patches P n + and P n − , respectively. It can be shown that the normal component of f n (r) at the nth edge is unity [5] . Using the basis function f n (r), the current on the conducting surface can be expressed as
where I n ; n = 1, 2, . . . , N are unknown amplitudes of the basis functions and are to be determined through the following procedure.
The electric field radiated due to the current flowing on the conducting surface can be obtained from the surface current by the following expression.
where A is the magnetic vector potential defined as
Conducting surface
and Φ is the electric scalar potential defined as
where r and r are the source and observation points, respectively, µ and ε are the permeability and permittivity of free space, respectively. Making use of (3)-(6), the moment method matrix can be formulated as
where
and
where E i c m ± is the electric field vector of the incident wave at the centroid, r c m ± , of the triangular patch P m ± , ρ ± cm is the vector between the point r c m ± and the free vertex, r ± fm , of the same triangular patch; that is
The surface divergence of f n (r) in P n ± can be expressed as
Using (5), one gets
Substituting from (2) and (17) into (11) and (12), one gets
The integrals in (18) and (19) can be evaluated numerically by transformation from Cartesian to normalized area coordinates as described in [5] . The integrands in (18) and (19) are singular for m ± = n ± . In this case, the integrals are evaluated analytically as described in [9] [10] [11] [12] . The following section presents a faster numerical method for evaluating the non-singular integrals.
FAST CALCULATION OF THE INTEGRALS ON THE TRIANGULAR PATCHES
A triangular patch can be divided into a number of identical subtriangles as shown in Fig. 2 . This can be achieved by dividing each side of the triangular patch into K segments and then drawing the lines parallel to the triangular patch sides as shown in Fig. 2 . This divides the triangular patch into a number of K 2 identical sub-triangles. The number of the vertices of the resulting sub-triangles, which are indicated as heavy dots in Fig. 2 , can be expressed as According to this division of the triangular patch area, the integrals over the surface of each triangular patch, which are given by (18) and (19), can be evaluated numerically by expressing each of them as a finite summation as follows
where F t c m ± n ± takes the value of F m ± at the centroid r t c n ± , of the subtriangle t on the triangular patch P n ± ; that is Since the number of sub-triangles is K 2 , the ratio ∆S n ± /S n ± can be substituted as 1/K 2 and, hence, (21) and (22) can be rewritten as
It should be noted that the summation in (26) is carried out over the triangular patch number n ± . It depends not only on n ± and m ± but also on the number of the non-boundary edge of the source patches, n, due to the existence of the vector ρ ± c t n in this summation. However, the summation in (27) is independent of n and depends only on n ± and m ± . For computational considerations, it is more efficient to express (26) 
Now, the summations existing in (28) are independent of n, and depend only on the values of n ± and m ± . Let us replace n ± and m ± with q and p, respectively, and define the following,
Using (29) and (30), equations (28) and (27) can, respectively, be rewritten as follows,
A FAST COMPUTATIONAL ALGORITHM FOR THE EVALUATION OF THE INTEGRALS
The evaluation of the summations in (29) and (30) requires the knowledge of r cp and r t cq . The centroid r cp of the triangular patch number p can be simply evaluated as
where r 1p , r 2p and r 3p are the vertices of the triangular patch number p, which are assumed to be stored in the computer memory. The centroid r t cq of the sub-triangle number t in the triangular patch number q can be evaluated as
where r t 1q , r t 2q and r t 3q are the vertices of the sub-triangle number t in the triangular patch number q. These are not stored in the computer memory and can be calculated according to the procedure described in the following.
The sub-triangles of a triangular patch can be seen as arranged in rows and columns as shown in Fig. 2(a) . The rows are of growing length as we move from the free vertex of the triangular patch to its base. We mean by the row length the number of triangles or, equivalently, the number of columns in this row. On moving from one row to the next, the number of columns increases by 2. The first row has one triangle, the second row has three triangles, and so on. This gives a total number of K 2 sub-triangles. Thus, a triangle index, t, can take the values t = 0, 1, 2, ..., K 2 − 1. Let a sub-triangle have the index t and let it lie in the row number i t and in the column number j t . A row index, i t , can take the values i t = 0, 1, 2, ..., K − 1. In the row number i t , there exists a number of 2i t + 1 triangles, and hence, in this row, a column index, j t , can take the values j t = 0, 1, 2, ..., 2 i t . A sub-triangle that lies at the location (i t , j t ) has its index, t, expressed as t = i 2 t + j t . If a sub-triangle is defined by its index t, its row and column indices can be obtained as
, where the function int(x) means the integer part of x after removing the fraction.
The vertices on a triangular patch can be seen as arranged in rows and columns as shown in Fig. 2(b) . The rows are of growing length as we move from the free vertex of the triangular patch to its base. We mean by the row length the number of vertices or, equivalently, the number of columns in this row. On moving from one row to the next, the number of columns increases by 1. The first row has one vertex, the second row has two vertices and so on. This gives a total number of 
. For the triangular patch number q, the coordinates of the vertices of the subtriangles, included inside it, can be calculated and stored in an array as follows. For each pair (i v , j v ) there exists a vertex whose index, v, is given by
It can be shown that the position vector of this vertex can be obtained by asr
For each triangular patch, equations (35) and (36) are used to calculate and store the coordinates of the vertices, included in this patch, in a one-dimensional array of 
(39) if j v < i v , another sub-triangle exists, whose index, vertices and centroid are obtained as follows.
For each triangular patch, equations (37), (39), (40) and (42) are used to calculate and store the coordinates of the centroids of the subtriangles, included in this patch, in a one-dimensional array of K 2 elements.
RESULTS AND DISCUSSION
Numerical results are presented for surface current distributions induced in conducting surfaces of various geometrical shapes. For the purpose of evaluating the proposed computations involved in the EFIE approach, the calculation of accurate surface current is considered in the next discussions as it is a more stringent test of a numerical approach than its ultimate calculation of far-field quantities. In the following we illustrate three examples; a conducting square plate, a conducting sphere and a conducting spherical shell. The square plate is an example for open surfaces and, therefore, is a test for the accuracy of the new approach when edges are present. The sphere problem is a test for the new approach when dealing with a closed (no edges are present) and doubly curved surface. The spherical shell provides an example of structure that involves curved boundary edges, a doubly curved surface and encloses a cavity that has its internal resonances at which singularities are expected to appear in the field values. Dealing efficiently with the above three types of structures, the new approach would be able to handle any electromagnetic problem of conducting structures.
The results concerning the square plate and the sphere are compared with those obtained in [5] using the conventional triangular coordinates to evaluate the integrals involved in the EFIE technique.
Current Distribution on a Conducting Square Plate
A 1λ × 1λ conducting plate is divided into 84 triangular patches as shown in Fig. 3 . Each triangular patch is divided into K 2 sub-triangles, where different values of K are used and the corresponding results are presented. Fig. 4 shows the distributions of the surface current along the central perpendicular cuts of the square plate when illuminated by a normally incident plane wave with its electric field polarized in the x-direction. From the figure, one observes that the edge behavior of the current distribution is confined in a small region near the edges of the square plate which are parallel to the current flow. As shown in Fig. 4 , the comparison of the present results with that obtained using the traditional triangular coordinates in [5] shows perfect agreement, which realizes the accuracy of the proposed computations for the EFIE applied in the present work in spite of being faster than that developed in [5] . As shown in Fig. 4 , for K = 3, the current distributions are very close to those obtained in [5] . It should be noted that the accuracy of the solution obtained for the surface current is improved with increasing the value of K. However, for the values of K ≥ 5, the current distributions seem to be identical to each other as well as to those obtained in [5] . This means that dividing each triangular patch into 25 sub-triangles is enough to get accurate results for the current distribution and hence all the other near-field and far-field quantities.
Current Distribution on a Conducting Sphere
A conducting sphere of 0.2λ radius is divided into 96 triangular patches as shown in Fig. 5 . Each triangular patch is divided into 25 subtriangles (i.e., K = 5). The sphere is subjected to a plane wave incident with θ i = 0 (i.e., axial incidence). The wave is polarized so that the electric field is in the x-direction and the amplitude of the magnetic field is unity. which ensures the accuracy of the computations involved in the EFIE technique when it deals with closed and doubly curved surfaces.
Current Distribution on a Conducting Spherical Shell
A spherical shell, defined as r = 0.2λ, 0 ≤ θ ≤ 128.5 • , is divided into 72 triangular patches as shown in Fig. 7 , with the same system of coordinates as that described in Section 5.2. It should be noted that the same triangulation scheme of the sphere presented in section 6.2 is used again to model the spherical shell by removing the triangular patches constituting the part of the spherical surface corresponding to θ > 128.5 • .
The example of the spherical shell combines the features of an open surface as it possesses edges as well as a doubly curved surface, which requires enough number of triangular patches to get accurate geometrical model. Moreover, it possesses a cavity. This structure is classified as a cavity-backed aperture that has internal resonances at which the field values are singular. However, the selected frequency in the present example is far from any of the internal resonances of such a cavity.
The variation of the angular current components (J θ and J φ ) against θ are shown in Fig. 8 . It is clear, in the figure, that current distribution of J φ , which is parallel to the edge exhibits edge behavior where J φ tends to infinity at θ = 128.5 • . Unlike, J φ , the current component J θ vanishes at θ = 128.5 • as it is perpendicular to the edge. This result can be accepted as a validation of the proposed computations involved in the EFIE when dealing with a doubly curved structure that encloses a cavity. It should be noted that the results obtained for the current distributions using the proposed fast calculations are identical with those obtained by evaluating the integrals using triangular coordinates developed in [5] .
Optimum Number of Triangular Patches Per Square Wavelength
As shown in Fig. 8 the accuracy of the obtained current is improved with increasing the number of triangular patches per square wavelength until it reaches a saturation value at which no further improvement is obtained. On the other hand, increasing the number of triangular patches has the effect of increasing the computational effort. It seems a good suggestion for the optimum density of triangular patches to get the required accuracy without doing unnecessary computational effort. In the 1λ × 1λ square plate case investigated in this example, the optimum density of triangular patches seems to be 420. Figure 9 . Distribution of the currents on the central section of a square plate parallel to the electric field of a normally incident plane of unity y-directed magnetic field.
CONCLUSION
A new method is presented as a faster alternative to the conventional methods to evaluate the integrals included in the EFIE technique when applied to a triangular-patch model for arbitrary-shape conducting surface. The proposed method and the developed computer algorithm are examined and found to considerably reduce the numerical burden required to get the current distribution on the conducting surface without affecting the accuracy of the results. The proposed method is applied to flat and curved surfaces of different categories including open surfaces possessing edges, closed surfaces enclosing cavities and cavitybacked apertures. The current distributions on a square flat plate, a closed sphere, and an open spherical shell are presented. The accuracy of the results obtained in all of the above cases are compared with the results obtained using the conventional method of transformation to area coordinates as well as when compared with some published results and found in good agreement.
